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1 Introduction
In 1965, Zadeh [13] introduced fuzzy sets and in 1968, Chang [2] introduced fuzzy topology. After the
introduction of fuzzy set and fuzzy topology, several authors were conducted on the generalization of this
notions. The notion of intuitionistic fuzzy sets was introduced by Atanassov [1] as a generalization of fuzzy
sets. In1997, Coker [3] introduced the concept of intuitionistic fuzzy topological spaces. In this paper, we
introduce the notions of intuitionistic fuzzy ga**-closed sets and intuitionistic fuzzy g a**-open sets and
study some of its properties in intuitionistic fuzzy topological spaces.

2 Preliminaries
Throughout this paper, (X,t ) or X denotes the intuitionistic fuzzy topological spaces (briefly IFTS). For
a subset A of X, the closure, the interior and the complement of A are denoted by cl(A), int(A) and A°®
respectively. We recall some basic definitions that are used in the sequel.

Definition 2.1: [1] Let X be a non-empty fixed set. An intuitionistic fuzzy set (IFS in short) A in X is an object
having the form A = {(x, pA(x), VA(x))/ x € X} where the functions pa : X — [0,1] and va : X — [0,1] denote
the degree of membership (namely pa(x)) and the degree of non-membership (namely va(X)) of each element x
€ X to the set A respectively and 0 < pa(x) + va(x) <I for each x € X. Denote by IFS(X), the set of all
intuitionistic fuzzy sets in X.

Definition 2.2: [1] Let A and B be IFS's of the form A = {(X, pa(x), va(X))/ X € X} and B = {{X, Us(x), va(X))/ X
€ X}. Then

1. AcB ifandonlyif pa(X) < ps(X) and va (X)>vg (X) forall x € X.

2. A=Bifandonlyif AcBandBcC A

3. A= {(x, va(X), La(X))/ X € X }.

4. ANB={(X, Ha(X) A Ha(x), va(X) V va(X))/ X € X }.

5. AUB={(X Ha(X) V Us(x), va(X) A vg(X))/ X € X }.

For the sake of simplicity, we shall use the notation A = (X, Ha, va) instead of A = { (X, pa(x), va(X))/ X € X }.
Also for the sake of simplicity, we shall use the notation A = (X, (Ua, Ms), (Va, ve)) instead of A = (x, (A/ua,
B/ug), (A/va, B/vg)). The intuitionistic fuzzy sets 0-= { (x, 0, 1)/ x € X }and 1. = { (x, 1, 0)/ x € X } are
respectively the empty set and the whole set of X.

Definition 2.3: [3] An intuitionistic fuzzy topology (IFT in short) on X is a family t of IFSs in X satisfying the
following axioms:

1. 0,1l €rm,

2. G;NG; €T, forany Gy, G; €7,

3.  UG;€e for any family {G;/i€J}Cc .

In this case the pair (X, ) is called an intuitionistic fuzzy topological space (IFTS in short) and any IFS in 7t is
known as an intuitionistic fuzzy open set(IFOS in short) in X. The complement A°of an IFOS A in an IFTS (X,
7) is called an intuitionistic fuzzy closed set (IFCS in short) in X.
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Definition 2.4: [3] Let (X, 7) be an IFTS and A = (X, Ha, va) be an IFS in X. Then
1. int(A)= u{G/GisanIFOSin Xand GS A},

2. cl(A)=N{K/Kisan IFCSin Xand A € K},

3. cl(A%) = (int(A))",

4. int(A°) = (cl(A))".

Definition 2.5: [4] An IFS A = { (X, Ha(X), va(X))/ X € X } in an IFTS (X, t) is said to an

intuitionistic fuzzy semi-open set (IFSOS) if A < cl(int(A)),

intuitionistic fuzzy pre open set (IFPOS) if A < int(cl(A)),

intuitionistic fuzzy a-open set (If o OS) if A € int(cl(int(A))),

intuitionistic fuzzy regular open set (IFROS) if A = int(cl(A)),

intuitionistic fuzzy B -open set (IF p OS) if A < cl(int(cl(A))),

6. intuitionistic fuzzy o -open set (IFRaOS) if there exist an IFROS U such that U € A € acl(U).

An IFS A is said to be an intuitionistic fuzzy semi-closed set (IFSCS), intuitionistic fuzzy pre
closed set (IFPCS), intuitionistic fuzzy a-closed set (IFaCS), intuitionistic fuzzy regular closed set
(IFRCS) and intuitionistic fuzzy B -closed set (IFBCS) if the complement of A is an IFSOS, IFPOS, IFaOS,
IFROS and IFBOS respectively.

aprpwDE

Definition 2.6: An IFS A = { (X, pa(X), va(X))/ X € X } inan IFTS (X, 1) is said to an
1. intuitionistic fuzzy generalized closed set (IFGCS) [10] if cl(A) € U whenever A € U and U is an IFOS

in X,

2. intuitionistic fuzzy regular generalized closed set (IFRGCS) [9] if cl(A) € U whenever A< U and U is
an IFROS in X,

3. intuitionistic fuzzy generalized semi-closed set (IFGSCS) [7] if scl(A) € U whenever A< U and U is
an IFOS in X,

4. intuitionistic fuzzy o -generalized closed set (IFaGCS) [6] if acl(A) € U whenever A€ U and Uisan
IFOS in X,

5. intuitionistic fuzzy generalized a -closed set (IFGaCS) [8]if acl(A) & Uwhenever A € U and U is an
IFaOS in X,

6. intuitionistic fuzzy generalized semipre closed set (IFGSPCS) [5] if spcl(A)<U whenever A < U and U
isan IFOS in X,

7. intuitionistic fuzzy regular generalized a-closed set(IFRGaCS) [12] if acl(A) € U whenever A < U and
Uis an IFRaOS in X.

An IFS Aissaid to be an intuitionistic fuzzy generalized open set (IFGOS), intuitionistic fuzzy regular
generalized open set (IFRGOS), intuitionistic fuzzy regular generalized a-open set(IFRGaOS), intuitionistic
fuzzy generalized semi-open set (IFGSOS), intuitionistic fuzzy o -generalized open set (IFaGOS),
intuitionistic fuzzy generalized a-open set (IFGaOS) and intuitionistic fuzzy generalized semipre open set
(IFGSPOS) if the complement of A is an IFGCS, IFRGCS, IFRGaCS, IFGSCS, IFaGCS, IFGaCS and
IFGSPCS respectively.

Definition 2.7: [12] Let o, B € [0, 1] with o + B < 1. An intuitionistic fuzzy point (briefly IFP), written as p.p)
is defined to be an IFS of X given by

_((a, ), if x =P,
Pap) (X) = {(0,1) otherwise.

We observe that an IFP p.g is said to belong to an IFS A = (X, pa(x), va(X)},
denoted by pep EAIf o < pa(x) and B> va(X).

Definition 2.8: [4] Two IFSs A and B are said to be g-coincident (A 4 B in short) if and only if there exists an
element x € X such that pa(x) > ve(x) or va(X) < pa(X).

Definition 2.9: [4] Two IFSs are said to be not g-coincident (A © B in short) if and only if A < B°.

3 Intuitionistic Fuzzy G A**-Closed Sets
Definition 3.1: An IFS A of an IFTS (X, 1) is said to be an intuitionistic fuzzy g a**-closed set
(briefly IFGa** CS) if acl(A) < int(cl(U)) whenever A € U and U is an [FaOS in (X, 7). [i.e.,if a cl(A) S
U whenever Ac U and Uisan IFROSin (X, 1)]
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Example 3.2: Let X ={a, b}and t={0_, G, 1_} bean IFTS on X, where G = (x, (0.5, 0.6), (0.5, 0.4) ).
Then the IFS A= (X, (0.4,0.5), (0.6,0.5)) isan IFG a **CS in (X, 7).

Theorem 3.3: Every IFCS is an IFGa**CS but not conversely.
Proof: Let A € U, where U isan IFROS. Then acl(A) S cl(A) = A € U. Hence Ais an IFGa ** CS.

Example 3.4: Let X ={a, b} andt = {0_,G, 1_} be an IFTS on X, where G = ( X ,(0.5, 0.6), (0.5, 0.4) ).
Then the IFS A=(x, (0.4,05), (0.6,0.5))is an IFGa ** CS but not an IFCS in (X, 7).

Theorem 3.5: Every IFRCS is an IFGo** CS but not conversely.
Proof: Since every IFRCS is an IFCS, the proof follows from Theorem 3.3.

Example 3.6: Let X ={a, b} and t© = {0_,G, 1.} bean IFTS on X, where G =(x, (0.5, 0.6), (0.5, 0.4) ).
Then the IFS A =(x, (0.4,0.5), (0.6,0.5) )} is an IFGa** CS but not an IFRCS in (X, 7).

Theorem 3.7. Every IFaCS is an [IFGa** CS but not conversely.

Proof: Let A be an IFaCS and U be an IFROS such that A € U. Then acl(A) € U. Since acl(A)=A
and hence A is an [IFGa** CS.

Example 3.8: Let X ={a, b} andt= {0_,G, 1_} bean IFTS on X, where G =(x,(0.5, 0.6), (0.5, 0.4) ).Then
the IFS A= (x, (0.4,0.5), (0.6,0.5) ) is an IFGo**CS but not an IFaCS in (X, 1).

Theorem 3.9: Every IFGCS is an IFGa** CS but not conversely.

Proof. Let A be an IFGCS and U be an IFROS such that A < U. Since every IFROS is an IFOS and acl(A)
C cl(A), we have by hypothesis, acl(A) S cl(A) €U and hence A is an IFGo™** CS.

Example 3.10. Let X ={a, b} and T = {0_G, 1.} bean IFTS on X, where G =(X, (0.5, 0.6), (0.5, 0.4) ).
Then the IFS A ={x, (0.4,0.5), (0.6,0.5) ) is an IFGo** CS but not an IFGCS in (X, 7).

Theorem 3.11: Every IFRGaCS is an IFGa** CS but not conversely.

Proof: Let A be an IFRG o CS and U be an IFROS such that A < U. Since every IFROS is an
IFRaOS and acl(A) € cl(A), by hypothesis we have acl(A) € cl(A) €U and hence A is an IFGo** CS.

Example 3.12: Let X ={a, b, ¢} andt = {0_,Gy, Gy, 1_} be an IFTS on X, where G; = (X, (0.4, 0.4, 0.5),
(0.4,0.4,0.4) )y and G, = (X, (0.2, 0.3, 0.5), (0.5, 0.5, 0.5) ) .Then IFS A =(x, (0.4, 0.3, 0.2), (0.5, 0.4, 0.5) ) is
an IFGo** CS but not an IFRGaCS in (X,1).

Theorem 3.13: Every IFRGCS is an IFGa** CS but not conversely.

Proof: Let A be an IFRGCS and U be an IFROS such that A < U. Since acl(A) < cl(A) and cl(A) cU, By
hypothesis, A is an IFGo** CS.

Example 3.14: Let X ={a, b, ¢} andt = {0_,Gy, G,, 1_} be an IFTS on X, where G; = (X,(0.4,0.4, 0.5),
(0.4,0.4,0.4) ) and G, = (x, (0.2, 0.3, 0.5), (0.5, 0.5, 0.5) ). Then the IFS A= (X, (0.4, 0.3, 0.2), (0.5, 0.4, 0.5) ) is
an IFGa** CS but not an [IFRGCS in (X, 1).

Theorem 3.15: Every IFaGCS is an IFGa™>* CS but not conversely.

Proof. Let A be an IFGaGCS and U be an IFROS such that A < U.Since every IFROS isan IFOS and A is
IFGoCS, we have acl(A) € U. Hence A isan IFG a ** CS.

Example 3.16: Let X ={a, b} and © = {0_,G, 1_} be an IFTS on X, where G = (X, (0.5, 0.6), (0.5, 0.4) ). and
Then the IFS A =(x, (0.4, 0.5), (0.6, 0.5) ) isan IFGo** CS but not an IFaGCS in (X, 1).
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Theorem 3.17: Every [FGaCS is an [IFGa** CS but not conversely.

Proof: Let A be an IFGaCS and U be an IFROS such that A < U. Since every IFROS is an [FaOS
and by hypothesis, we have acl(A) < U. Hence A is an IFGa** CS.

Example 3.18: Let X ={a, b} andt = {0_,G, 1_} bean IFTS on X, where G =(x, (0.8, 0.8), (0.2, 0.1) ). Then
the IFS A =(x, (0.9, 0.7), (0.1, 0.3) ) is an IFGa** CS but not an IFGaCS in (X, 1).

Remark 3.19: Summing up the above theorems, we have the following diagram. None of the implications are

reversible.
/ IFRGoCS \

IFCS —> IFGCS —> IFRGCS

e

IFRCS IFGa**CS

[FoCS ——> [FGoCS —> IFaGCS

Remark 3.20: The following examples show that IFGa** CS is idependent of IFPCS, IFSCS, IFBCS,
IFGSCS and IFGSPCS.

Example 3.21: Let X={a, b} andt = {0_,G1, G2, 1_} be an IFTS on X, where G; = (X, (0.7, 0.8), (0.3, 0.2) )
and G; = (x, (0.6, 0.7), (0.4, 0.3)).Then the IFS A = (X, (0.6, 0.8), (0.4, 0.2) ) is an IFGa** CS but not an IFPCS,
IFSCS, IFBCS, IFGSCS and IFGSPCS in (X, 1).

Example 3.22: Let X={a, b} and © = {0_, G, 1_} bean IFTS on X, where G =(x, (0.5, 0.4), (0.5, 0.6) ).
Then the IFS A =(x, (0.4, 0.2), (0.6, 0.7) ) is an IFPCS, IFBCS, IFGSCS and IFGSPCS but not an IFG o**
CSin (X, 1).

Example 3.23: Let X={a, b} andt = {0_, G, 1_} be an IFTS on X, where G =(x, (0.5, 0.4), (0.5, 0.6) ).
Then the IFS A =(x, (0.5, 0.5), (0.5, 0.6) ) is an IFSCS but not an IFGo** CS in (X, 1).

Theorem 3.24: The union of two IFGo** C sets is an IFGa** CS in (X, 1).

Proof: Let U be an IFROS in (X, 1) suchthat A U BSU. Then AcUand B S U. So, acl(A) € U and
acl(B) € U. Therefore acl(A) U acl(B) € acl(A U B) € U. Hence AU B is an IFGo** CS.

Remark 3.25: Intersection of two IFGa** C sets need not be an IFGa** CS.

Example 3.26: Let X ={a, b, c} and © = {0_,Gy, G,, G1U Gy, G1NGy, 1_} be an IFTS on X, where G =
(x, (0.0, 0.6, 0.1), (0.1, 0.25, 0.0) ) and G,= (x, (0.1, 0.25, 0.0), (0.0, 0.6, 0.1) ). Then the IFS A =(x, (0.3,
0.7,0.1), (0.2,0.25,0.3) ) and the IFSB = (x, (0.0, 0.6, 0.3), (0.1, 0.3, 0.0) ) are IFGa** C sets but A N B is
not an IFGa** CS.

Theorem 3.27: If an IFS A is an IFGa** CS such that A € B < acl(A), where Bisan IFSinan IFTS (X, 1),
thenBisan IFGa** CSin (X, 1).

Proof. Let U be an IFROS in (X,t) such that B € U. Then A € U. Since A is an IFGa** CS, we have acl(A)
€ U.Now, acl(B) € acl(acl(A)) = acl(A) € U. Hence B is an IFGa** CS in (X, 7).

Theorem 3.28: If an IFS A is an IFRGCS such that A € B < cl(A), where Bisan IFSin an IFTS (X,7), then
B is an IFGo** CS in (X, 7).
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Proof: Let Ubean IFROS in (X,tr) suchthat B € U. Then A < U. Since A is an IFRGCS and acl(A)
Ccl(A), wehave oacl(A) € cl(A) € U. Now, acl(B) < cl(B) < cl(A) € U. Hence B is an IFGa** CSin (X,
7).

Theorem 3.29: An IFS A'is an IFGo** CSin an IFTS (X,7) if and onlyif 1(AqF) implies 1( acl(A)4F )
for every IFRCS F of (X, 7).

Proof: Necessity: Assume that A is an [FGa** CSin (X, 7). Let F be an IFRC and 1 (AqF ). Then A € F,
where F¢ is an IFROS in (X, 7). Then by assumption, acl(A) S F°. Hence 1( acl(A)F).

Sufficiency: Let F bean IFROS in (X, 1) such that F <€ U. Then F‘isanIFRCSin (X, 1) and F €
(U9°. By assumption, T(FqQU°) implies 1(acl(A)qU®).Therefore, acl(A) € (U)° = U. Hence A is an IFGa** CS
in (X, 1).

Theorem 3.30: If Aisan IFROS and an IFGo** CSin (X,t). then Aisan IFaCSin (X, 1).

Proof: Let A be an IFROS. Since A € A, acl(A) € A. But A < acl(A) always. Therefore acl(A) = A. Hence
Aisan IFaCSin (X, 1).

Theorem 3.31: Every IFS inan (X, 1) is an IFG o** CS ifand only if IFaOS and IFaCS coincide.

Proof: Necessity: Suppose that every IFS in (X,t) is an IFGa** CS. Let Ube an IFROS in (X, 1). Then
Uisan IFOS and an IFaOS and by hypothesis acl(U ) € U Cocl(U ). That is acl(U) =U. Thus U is an
IFaCS in (X, 7). Hence IFaO(X ) € IFaC (X ). Let A be an IFaCS. Then A® is an IFaOS in (X, 1 ). But
[FaO(X ) € [FaC (X ). Therefore A is an [FaOS in (X, 1), we have | FaC(X ) SIFaO(X ). Thus IFaO(X )=
[FaC (X).

Sufficiency: Suppose that IFaO(X ) =1FaC (X ). Let A €U and U be an IFROS in (X, 1). Since every
IFROS is [FaOS, Uis an IFaOS in (X, t) and therefore acl(A) € acl(U) = U, by hypothesis. Hence A is
an IFGo** CSin (X, 1).

Theorem 3.32: AnIFS Aofan IFTS (X, 1) isan IFROS and an IFGa** CS,then A is an IFRCS in (X, 7).

Proof: Let A be an IFROS and an IFGa** CSin (X, t). Then acl(A) € A. Since ocl(A) is an IFaCS, we
have cl(int(cl(A))) <A. Therefore cl(A) € A, since A is an IFROS. Then cl(int(A)) < cl(A) € A. Therefore
cl(int(A)) € A. Since every IFROS is an IFSOS, A is an IFSOS and we have A < cl(int(A)). ThusA =
cl(int(A)). Hence A is an IFRCS in (X, 1).

Theorem 3.33: Let A be an IFGa** CSin (X, 1) and p,p, bean IFP in X such that acl(A) 4 cl(P,p) ). Then
A q acl(pe, p)-

Proof: Assume that A is an IFGe** CS in (X,7) and ocl(A) q cl(p, g)): Suppose that T(Aq acl(p.,p), then A
C (acl(pg, ) where (ocl(pp))©is an IFaOS in (X,7).

Then by Definition 3.1, acl(A) S int(cl( acl(pe,p))9) S cl((Pw, p)°), Therefore 1(acl(A) 4 cl(p(a, B))°), which is
a contradiction to the hypothesis. Hence A4 ocl(p(, g)-

4 Intuitionistic Fuzzy Ga** - Open Sets
Definition 4.1: An IFS A of an IFTS (X,1) is called an IFGo** OS if and only if A® is an IFGo**
CsS.

Theorem 4.2 Every IFOS, IFROS, IFaOS, IFGOS, IFRGOS, IFaGOS, IFGaOS is an IFG a** OS in
(X, 7).
Proof: Obvious.

Example 4.3: Let X={a, b} and © = {0_, G, 1_} bean IFTS on X, where G = (X, (0.5, 0.6), (0.5, 0.4)
).Then the IFS A =(x, (0.6, 0.5), (0.4, 0.5) ) is an IFGo** OS but not an IFOS, IFROS, IFaOS, IFGOS,
[FaGOS in (X, 7).

Example 4.4: Let X={a, b} and © = {0, G, 1.} bean IFTS on X, where G =(x, (0.8, 0.8), (0.2, 0.1)
). Then the IFS A =(x, (0.1,0.3), (0.9,0.7) ) is an IFGa** OS but not an IFGaOS in (X, 1).
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Example 4.5: Let X ={a, b, c} and t = {0_,Gy, G, 1_} be an IFTS on X, where G; =(X, (0.4, 0.4, 0.5), (0.4,
0.4,0.4) )and G,=(x, (0.2,0.3,0.5), (0.5, 0.5, 0.5) ). Then the IFS A =(x, (0.5, 0.4,0.5), (0.4,0.3,0.2) ) is
an [FGo** CS but not an [FRGaOS, IFRGCS in (X, 1).

Theorem 4.6: An IFS A ofan IFTS (X, 1) is an IFGa** OS ifand only if U S aint(A) whenever U CA
and U is an IFRCS.

Proof: Necessity: Assume that A is an IFGa**OS in (X, 1). Let U be an IFRCS such that U €A. Then U° is
an IFROS and A°cU® Then by assumption A°is an IFGa**CS in (X, t). Therefore, we have oacl(Ac) S
U°. Hence U Caint(A).

Sufficiency. Let U be an IFROS in (X, 1) such that A< U. Then U°<c Aand U° isan IFRCS.
Therefore U° € aint(A). Since U°S aint(A). we have (aint(A))° € U that is acl(A°) € U. Thus Ac isan
IFGa**CS. Hence A is an [FGa** OS in (X, 7).

Remark 4.7: Intersection of two IFGa**O sets is an IFGo**OS in (X; t): But the union of two IFGa**O sets
need not be an [FGa**QOS.

Example 4.8: Let X={a,b.c} and 1= {0_,G1,G2,G1UG2,GING2,1_} be an IFTS on X, where G1 = (X,
(0.0, 0.6,0.1), (0.1, 0.25,0.0) ) and G2 = (X ,(0.2, 0.25,0.3), (0.3, 0.7,0.1) ). Then the IFS A =(X,(0.2,
0.25,0.3), (0.3, 0.7,0.1) Yy and the IFS B(X ,(0.1,0.3,0.0), (0.0, 0.6,0.3)> are IFGa**O sets but AN B is not an
IFGa**OS.

Theorem 4.9: Let A be an IFS in (X, 7). If B is an IFSOS such that B € A < int(cl(B)), then A is an IFGOS in
X, 7).

Proof. Since B is an IFSOS, we have B < cl(int(B)). Thus, A < int(cl(B)) < int(cl(cl(int(B)))) =
int(cl(int(B))) < int(cl(int(A))). This implies A is an [FaOS. By Theorem 4.2, A is an IFGa** OS in (X, 7).

Theorem 4.10: If an IFS Aisan IFGOS in (X, t) such that aint(A) € B € A, where Bisan IFSin (X, 1),
then B is an IFGa** OS in (X, 1):

Proof: Suppose that A is an IFGa** OSin (X, 1) and int(A) € B S A. Then A® isan IFGo** CSand A°C
B® € ( aint(A))S, this implies A° € B° € cl(A®). Then B° is an IFGo** CSin (X, 1), by Theorem 3. 28.
Hence B is an IFGo** OS in (X,7).

Theorem 4.11: If an IFS A is an IFRGOS in (X, t) such that int(A) € B € A,where B is an IFS in (X, 1),
then B is an IFG o** OS in (X, 7).

Proof: Let A be an IFRGOS and int(A) € B € A. Then A® isan IFRGCS and A° € B® c cl(A®). Then B°
is an IFGa** CSin (X,t), by Theorem 3.28. Hence B is an [IFGa**0OS in (X, 7).
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